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Using the classilication of tinite doubly transitive groups the finite two-graphs 
which admit a doubly transitive group of automorphisms are determined. :n 1992 
Academic Press, Inc. 
Two-graphs were introduced by G. Higman as a vehicle for the study of 
certain doubly transitive groups. As a consequence of the classification of 
the finite simple groups, all doubly transitive groups are known. The list of 
these groups, taken from [7], is given in Section 4 below. In this note we 
use the classification to prove the following theorems. The relevant facts 
about two-graphs can be found in Section 1. 
THEOREM 1. If (Q, T) is a non-trivial finite two-graph admitting an 
automorphism group G which is doublTy transitive on 52, then one of the 
following occurs: 
(A) G has a normal subgroup N and G c Aut(N), where N and v = ILlI 
are one of: 
(i) PSL(2, q), q E 1 (mod 4), v = q + 1. 
(ii) PSU(3, q), v = q3 + 1, q odd. 
(iii) “G,(q), v = q3 + 1, q = 3’e+ ‘. 
(iv) Sp(2n, 2), n b 3, u = 2’“- ’ - 2”- ‘. 
(v) Sp(2n, 2), n >, 3, v = 22”-1 + 2”-‘. 
(vi) HS (the Higman-Sims group), v = 176. 
(vii) Co3, (the third Conway group), v = 276. 
(B) G has a regular normal subgroup N of order v = 22d which may be 
identified with the additive group of a vector space over IF,. Furthermore, G 
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is the semidirect product of N and G,, where G, has a normal subgroup K 
such that G, z K Aut(F,) and K and v are one of: 
(viii) Sp(2n, q), v = q2”, (n, q) # (1, 2). 
(ix) G,(q), v = q6. 
(x) G,=A,, u=16, q=2. 
(xi) PSU(3, 3), 0=2~, q=2. 
In each case K acts on N as a group of linear transformations preserving a 
non-degenerate alternating form. 
In case (vi), the Higman-Sims group has two doubly transitive represen- 
tations on 176 points, interchanged by an outer automorphism. In case (x), 
A, is a subgroup of index 2 in Sp(4,2) and in case (xi), PSU(3, 3) is a 
subgroup of index 2 in G,(2). 
THEOREM 2. For each group of Theorem 1 there is (up to isomorphism) 
a unique pair of complementary two-graphs which admit that group as a 
doubly transitive group of automorphisms. Using the numbering and notation 
introduced in Theorem 1, the full automorphism group of the two-graph is: 
(A) (i) PZW, 4). 
(ii) q = 3: Sp(6, 2). 
q > 3: Pm(3, q). 
(iii) q = 3: Sp(6, 2). 
q > 3: *G,(q) extended by Aut(lF,). 
(iv) Sp(2n, 2). 
(v) Sp(24 2). 
(vi) HS. 
(vii) Co,. 
(B) In each case the automorphism group is the semidirect product of 
the additive group of the vector space of dimension 2d over [F, by the 
symplectic group Sp(2d, 2). 
1. TWO-GRAPHS 
A two-graph is a pair (Q, T), where Sz is a set and F is a set of 
three-subsets of B with the property that every four-subset of Q contains 
an even number of elements of F. Throughout this paper we consider only 
finite two-graphs. 
The complement of (Q, .F) is the two-graph (Sz, y), where 9 is the set 
of three-subsets of s2 not in 5. The complete two-graph on 52 is (Q, Qt3’), 
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where W) is the set of all three-subsets of Q. A two-graph is said to be 
trivial if it is complete or if its complement is complete. 
A two-graph (Sz, Y) is regular if every two-subset is contained in the 
same number k of elements of 5. A subset X of 52 is coherent if every three- 
subset of X is in 9. If (Q, 9) is a non-trivial regular two-graph and 
u = (Ql, then u = 3k - 21, where E. is the number of coherent four-subsets of 
Q containing a given element of Y. Moreover, by [ll, Proposition 2.31 k 
and v are even. 
Suppose that Z is a graph with vertex set Sz = (x,, x2, . . . . x,} and let 
A = (a,) be its (1, - 1, 0)-adjacency matrix. That is, av is - 1 if xi is adja- 
cent to xj, 1 if xi is not adjacent to x,, and 0 if xi = xj. The two-graph of 
Z is (0, F(Z)), where Y-(Z) is the set of three-subsets of L? which contain 
an odd number of edges of Z. This two-graph is regular if and only if A has 
only two eigenvalues [ 11, Theorem 2.21. The two-graph of -A is the 
complement of (Q, Y(Z)). 
Every two-graph has the form (Q, Y(f)) for some Z. For example, given 
a two-graph (L?, Y), choose a point a E 52 and let Z be the graph on 52 in 
which Z? is adjacent to y whenever (cl, ,B, y > E Y. 
If Z, and f, are graphs on Q with adjacency matrices A, and A,, then 
Y(Z,) = Y(Tz) if and only if A, = DA2 D for some diagonal matrix D 
whose diagonal entries are f 1. In this case the graphs Z, and Z2 are said 
to be switching equivalent. Note that DAD = A if and only if D = f1. The 
set of graphs Z such that Y(f) = Y is the swirching class of Y. 
If the matrix A of the graph Z has least eigenvalue p with multiplicity m, 
then G = I- p-IA is a symmetric positive definite matrix of rank n = o -m. 
Thus G is the Gram matrix of a set of vectors e,, e2, . . . . e, in KY. This 
means that (e,, ei) = 1, and for i #j, (ei, e,) = -p ~ lay, where (--, -) is the 
Euclidean inner product for W. In particular, when A has only two 
eigenvalues the lines spanned by the ei form an equiangular set. 
Replacing A by DAD, where D is diagonal with diagonal entries & 1, 
amounts to replacing ej by -ej whenever the ith diagonal entry of D is - 1. 
A permutation cp of Q is an automorphism of the two-graph (Q, Y) if it 
preserves Y. If there is a group G of automorphisms of (52, ,Y) which is 
doubly transitive on 52, then (Q, Y) is necessarily regular. If G is triply 
transitive, the two-graph is trivial. 
Further information about two-graphs can be found in [I]. 
2. MONOMIAL REPRESENTATIONS 
Suppose that G is a group of automorphisms of (Q, Y). If A is the 
(1, - 1, 0)-adjacency matrix of a graph in the switching class of (Q, Y) and 
if P is the permutation matrix of an element of G, then P-‘AP is the 
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adjacency matrix of a graph in the same switching class. Consequently 
P- ‘AP = DAD for some diagonal matrix D with diagonal entries f 1. The 
matrix D is determined up to a sign. Thus for each element P of G there 
are two monomial matrices PD and - PD which commute with A. The set 
of these matrices is a group G of orthogonal transformations of R” which 
acts on the equiangular lines associated with (Q, F). Moreover, the 
subgroup Z = (I, -I) is in the centre of G and G/Z 21 G. See [2, p. 1081 
for a slightly different description of this situation. 
If G is a group, H is a subgroup of G and K is a subgroup of H, then 
K is said to be strongly closed in H if for all x E G, x ‘Kx n HE K. 
The following theorem is essentially Theorem 4.1.8 of [lo]. See [2, 6, 
111 for other proofs and more information. 
THEOREM 2.1. Suppose that G is a doubly transitive group of 
automorphisms of the non-trivial two-graph (Sz, F) and that G has no 
subgroup of index 2. Let G be the group of monomial matrices acting on the 
set & of equiangular lines described above: 
(i) If G splits over Z, then G acts on 6 and the stabilizer K of a vector 
spanning a line of & is a strongly closed subgroup of index 2 in the stabilizer 
H of the line in G. 
(ii) Zf 6 does not split over Z, then the stabilizer H in 6 of a line a E I, 
has the form H = Z x K, where K is the stabilizer of a vector spanning a and 
K is strongly closed in H. 
In both cases let $ be the representation of H of degree 1 which has kernel 
K and let Y be the representation obtained by inducing $ to G. Then the 
centralizer algebra of Y has dimension two and is spanned by Z and A, where 
A is the (1, - 1, 0)-adjacency matrix of a graph in the switching class 
of(Q, FT). 
Note that the adjacency matrix A which spans the centralizer algebra of 
Y is unique up to a sign. Moreover, Y is the sum of two irreducible 
representations whose degrees are the multiplicities of the eigenvalues of A. 
If these degrees are odd, then G splits over Z. (See [2, Proposition 5.61.) 
3. CONSTRUCTIONS 
The existence of two-graphs admitting the groups of part (A) of 
Theorem 1 as doubly transitive automorphism groups is a consequence of 
[ 11, Theorem 6.11. Explicit combinatorial constructions can also be found 
in [ll]. 
The groups of part (B) act on the two-graphs described in [ 11, 
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Example 6.31. To see this, begin with a vector space V of dimension 2n 
over IF,, where q = 2”. In each case, the group K of Theorem 1 preserves 
a non-degenerate alternating form fi on V. If Tr : 5, -+ ff, is the usual trace 
map, then p((u, u) = Tr(/?(u, u)) defines a non-degenerate alternating form 
on I/ considered as a vector space over F,. 
The two-graph is (V, F), where F is the set of three-subsets 
(u, u, MI} E V such that 
jJ(u, u) + fl(u, w) + fl(U’, u) = 0. 
Each element g E GO is a semilinear transformation of I/ with associated 
field automorphism g’g such that /?(g(u), g(u)) = og/?(u, u) for all u, UE V. 
Thus /-b(u), g(u)) = B(u, 0) f or all u, u E V and so g is an automorphism of 
the two-graph. 
The vector space V acts on itself by translation and the translations are 
automorphisms of (V, Y). Thus in all cases VG, is a doubly transitive 
group of automorphisms of (V, F). 
4. THE FINITE DOUBLY TRANSITIVE GROUPS 
The following statement of the classification of the finite doubly trans- 
itive groups is taken from [7]. 
THEOREM 4.1. Zf G is a doubly transitive group of permutations of a set 
of size u, then one of the following cases occurs: 
(A) G has a normal subgroup N and G E Aut(N), where N and u are 
( 1) Alternating. 
(i) A,, ~25. 
(2) Lie type. 
(ii) PSUQ q), d>, 2, u = (qd- 1 Mq - 11, (4 q) Z (2, 2), (2, 3); 
two representations if d > 2. 
(iii) PSU(3, q), 0 = q3 + 1, q > 2. 
(iv) 2B2(q), u = q2 + 1, q = 22p+ ’ > 2. 
(v) *GJq), u = q3 + 1, q = 3*‘+ ‘. 
(3) Other. 
(vi) Sp(2n, 2) n 2 3, 0 = 2*“- ’ f 2”- ‘. 
(vii) PSL(2, ll), 0 = 11; two representations. 
(viii) A,, 0 = 15; two representations. 
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(ix) M,, OE { 11, 12, 22, 23,24}; two representations for MI?. 
(x) M,,, v= 12. 
(xi) HS (the Higman-Sims group), u = 176; two representations. 
(xii) Co, (the third Conway group), u = 276. 
(B) G has a regular normal subgroup N which is elementary abelian 
of order v = p”, where p is a prime, G may be identified with a group of affine 
transformations x H xR + c of IF,“, where g E GO, and one of the following 
occurs: 
(xiii) G c Ar’L( 1, v), the group of affine transformations of IF, 
extended by the automorphisms of F,.. 
(xiv) SL(n, q) _a G,, D = q”, n > 2. 
(xv) Sp(n, q) 9 GO, v = 4”. 
(xvi) G,(q)’ 4 G,, u = q6, q even. 
(xvii) GO= A, or A,, v= 16. 
(xviii) SL(2, 3) 9 G, or SL(2, 5) 9 G,, v =p’, where p belongs to 
the set ($7, 11, 19,23,29, 59}, or ~=3~. 
(xix) G, has a normal extraspecial subgroup E of order 2’, G/E 
is isomorphic to a subgroup of S,, and v = 34. 
(xx) GO=SL(2, 13), IJ=~~. 
In each case where G has two representations of degree u, these represen- 
tations are interchanged by an outer automorphism. It should also be 
noted that in case (xvi), G,(q) = Gz(q)’ when q # 2 and G,(2)’ = PSU(3,3) 
has index 2 in G,(2). 
5. PROOFS 
Proof of Theorem 1. Suppose that G is a doubly transitive group of 
automorphisms of a non-trivial two-graph (Q, F). We know from the 
general properties of two-graphs given in Section 1 that v = ]sZl is even and 
that G is not triply transitive. This eliminates cases (i), (iv), (vii), (viii), 
(ix), (x), (xviii), (xix), and (xx) from the list of doubly transitive groups. 
In case (ii) we must show that d= 2 and q E 1 (mod 4). In this case we 
may take 52 to be the set of points of the projective geometry of dimension 
d- 1 over F,. If d > 2, the stabilizer of two points P and Q has orbits of 
size 1, 1, q - 1, and u - q - 1; the q - 1 points lying on the line determined 
by P and Q. Thus the coherent three-subsets of Sz containing P and Q are 
either {P, Q, R}, where R is on the line through P and Q or {P, Q, R}, 
DOUBLY TRANSITIVE TWO-GRAPHS 119 
where R is not on the line through P and Q. In either case a set of four 
points, exactly three of which are on a line, cannot contain an even number 
of coherent three-subsets. 
Thus d = 2 and u = q + 1 is even. The stabilizer of two points has orbits 
of lengths 1, 1, (q - 1)/2, and (q - 1)/2. It follows from a result of van Lint 
and Seidel [S] that u = 2 (mod 4) and hence q = 1 (mod 4). 
In part (A) this leaves cases (iii), (v), (vi), (xi), and (xii). In case (iii) q 
must be odd. These are the groups listed in part (A) of Theorem 1. 
In part (B) we first show that cases (xiii) and (xiv) cannot occur and we 
obtain some restrictions on G, in the remaining cases. As v is even, the 
regular normal subgroup N has order u = 2d for some d. 
Let fi be the subgroup of G containing Z such that I?/Z= N, where 6 
and Z are the groups introduced in Section 2. If N is not elementary 
abelian, then by the double transitivity of G, every element of fl not in Z 
has order 4. Then fi is either the cyclic group of order 4 or the quaternion 
group of order 8. In both cases the two-graph is trivial. Thus I? is 
elementary abehan. 
Any subgroup of G of two-power index is also doubly transitive on Sz 
and so we may suppose that G has no subgroup of index 2. In case (xiii) 
this means that Go must have odd order. But then by Maschke’s theorem 
G splits over Z, contradicting Theorem 2.1. 
In case (xiv) we may suppose that Q = N is a vector space of dimension 
n over iF, and that G, = SL(n, q) acts naturally on N. We use (x) to 
denote the subspace spanned by x E N. If 0 # x E N, then because n > 2, Gal 
is transitive on the set w(x). By passing to the complement if necessary 
we may suppose that (0, x, y } is coherent for all y 4 (x). If q = 2, then G 
is triply transitive and the two-graph is trivial. If q > 2, consider the set 
{ 0, w, X, y}, where w  E (x)\{O, X} and y I# (x). This set contains at least 
three coherent three-subsets and therefore every three-subset is coherent. 
Again the two-graph is trivial and therefore case (xiv) cannot occur. 
In cases (xv) and (xvi) we again identify N with the additive group of a 
vector space over IF,. In both cases there is a simple normal subgroup K 
of G, which preserves a non-degenerate alternating form /l on N. In case 
(xv) K is Sp(2n, q) when (n, q) # (2,2) and A, when (n, q) = (2,2). In case 
(xvi) K is G,(q) when q # 2 and PSU(3, 3) when q = 2. The alternating 
form associated with G,(q) is described in [3, Appendix]. 
We have shown above that fi is elementary abelian and by Theorem 2.1, 
G,, N Z x G,. In particular, we may regard G, and K as subgroups of G. 
If C is a subgroup of odd order in Cd&K), then C,+(C) = Z because K 
acts irreducibly on fi/Z. It follows that fi= Z x [C, lc’] and [C, #] is 
K-invariant. But then fiK splits over Z and by Theorem 2.1 K has a sub- 
group of index 2-a contradiction. Thus Cc(K) is a two-group. 
It follows that X= C,(K) is also a two-group and therefore, if X# 1, 
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C,(X) is a non-trivial K-invariant subspace-a contradiction. Thus 
C,(K) = 1 and therefore G, c Am(K). 
In the cases under consideration the only linear or semilinear 
automorphisms of K are the inner automorphisms combined with field 
automorphisms. Thus G, c K Aut( Fy). 
Finally, in case (xvii), if G, is A ,, then G is triply transitive and so it 
does not act on a non-trivial two-graph. 1 
Proof of Theorem 2. Let N be as in part (A) of Theorem 1. In each case 
fi splits over Z (see [6, p. 1211) and the stabilizer of an element of Q has 
a unique subgroup of index 2. (See [S] for detailed information about the 
structure of these groups.) It follows from Theorem 2.1 that the two-graph 
on which N acts is unique (up to taking complements). 
In case (i) the automorphism group of the two-graph is the semidirect 
product of PSL(2, q) by the group automorphisms of IF,; see [ 11, Exam- 
ple 6.21. In cases (iv) and (v) the automorphism group is Sp(Zn, 2); see 
[lo, Chap. 4; or 91. In case (vi) the automorphism group is HS. This can 
be proved directly or obtained by observing that there are no other entries 
in the list acting on 176 points. In case (vii) the automorphism group is 
Co,. This is Theorem 6.7 of [ll]. 
Let G be the automorphism group of a two-graph in case (ii) or (iii). 
Then G must occur somewhere in the list of Theorem 1. It cannot be in (i) 
because then the stabilizer of two points would have two orbits of length 
(v - 2)/2 which is not the case for G. Neither 176 nor 276 is of the form 
q3 + 1 and so G is neither HS nor Co,. As q3 + 1 is never a power of 2, G 
does not occur in part (B). If G occurs in (iv) or (v), then q3 + 1 is either 
22fl-1-2n-1 or 2’“~-1+2”-1. Theo n y 1 possibility is q = 3, n = 3 and then 
G acts on the unique two-graph (up to taking complements) on 28 points. 
In this case the automorphism group is Sp(6,2). 
Neither of the groups PSU(3, q), ‘G?(q) is contained in the other and so 
for q > 3, the automorphism group of the two-graph in (ii) is Pn(3, q) 
and in (iii) it is ‘G,(q) extended by the group of field automorphisms. 
In determining the two-graphs in part (B) of the theorem we may sup- 
pose that G = NK, where N is the additive group of a vector space V of 
dimension 2n over F, and K is one of Sp(2n, q), G,(q), A,, or PSU(3, 3) 
acting as a group of linear transformations of V. In Section 3 we showed 
that the two-graphs of [ 11, Example 6.3) admit these groups as 
automorphism groups. The full automorphism group is V Sp(2nm, 2), 
where q = 2” and so all that remains to do is to show that the two-graph 
is unique (up to isomorphism and complements). 
In all cases the group K preserves a non-degenerate alternating form fi 
on V. If K= Sp(2n, 2) or A,, then the stabilizer in G of two points has just 
two orbits on the remaining points and so the two-graph is unique. If 
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K = PSU(3, 3), then the stabilizer in G of two points has orbits of length 
6, 24, and 32 on the remaining points. It follows from [ 11, Proposition 3.21 
that parameters of the two-graph are uniquely determined and so we may 
take the third member of the coherent triples containing the two fixed 
points to be the elements of the orbit of length 32. Thus from now on we 
may suppose that q > 2. 
Suppose at first that dim V>2. Then we may suppose that the 
two-graph is (V, Y/I), where Y contains (0, x, y } and the subspace (x, y) 
is totally isotropic of dimension two. For u, u, WE V we define 
Y(K 0, w) = B(K 0) + B(o, w) + B(Y u) and put 
T= {Y(u, u, w) I {u, 0, w} E y}. 
The function y is constant on the orbits of G on the three-subsets of V. 
For a E [F,, a # 0, K is transitive on the pairs (u, u) such that fl(u, u) = a. 
Therefore, if y(u, u, w) = a, then {u, u, w  } E 5 if and only if a E T. It follows 
from the two-graph property that for a, b, c E IF y\(O), an even number of 
a, b, c, c1+ b + c belong to T. 
Given a, b E IF,\(O), choose w  E V such that b(.u, w) = a and p(y, w) = b. 
If a, b E T, or if a, b $ T, then a + b E T. Thus T is either [F, or a subgroup 
of index 2 in [F,. As q > 2, the same argument shows that (0, e,f} E Y for 
all e, f such that (e,f) is totally isotropic of dimension two. 
Now consider u, au, and w, where /?(u, w) = b E T and none of b, ub, 
b + ub are 0. Then ub E T if and only if b + ub E T and therefore it is always 
the case that (0, u, au> E f. This proves that 
y = { {d s> I r(e,.L g) E T>. 
If T= IF,, the two-graph is trivial; consequently T has index 2 in [FT. 
Define fl(e, f) = &e, f) + T E lF,+/T. Then p is a non-degenerate alternat- 
ing form on V with values in [F, and 
y= {ie,f,sl I B(e,f)+~(f,g)+B(s,e)=O}. 
Thus the two-graph is unique (up to isomorphism and complements). 
We are left with the case in which V has dimension two and K = Sp(2, q). 
This time suppose that (0, x, dx} E 5 for some x E V and some do IF, and 
define T as before. 
Suppose that T# IF,. Choose b $ T and let c = bd. The usual argument 
shows that exactly one of c or b + c is in T. Without loss of generality we 
may suppose that b, b + c $ T and c E T. Choose a basis e, ffor V such that 
B(e,f) = 1. and put u= b-‘ce+uf Then fl(e, u)=u, fi(e, bf)= b and 
/?(u, bf) = c. Thus a H a + b + c is a bijection between T and lF,\T. In 
particular, 1 TI = { 1 F,I. 
122 D. E. TAYLOR 
If T is not a subgroup, then we can find b, c E T such that b + c 4 T. But 
then a H a + b is an injective map from F,\T to T not having 0 or b in its 
image. This is a contradiction. Thus T is a subgroup and the argument for 
the previous case shows that the two-graph is uniquely determined. 1 
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